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REPRESENTATIONS OF BRAID GROUPS VIA
CONJUGATION ACTIONS ON CONGRUENCE
SUBGROUPS
KEVIN P. KNUDSON
Abstract. We construct two families of representations of the braid
group Bn by considering conjugation actions on congruence subgroups
of GLn−1(Z[t
±1, q±1]). Many of these representations are shown to be
faithful.
1. Introduction
Denote by Bn the braid group on n strings. The purpose of this note is
to construct two families of representations
ρn(α) : Bn −→ SLn(n−2)(C)
and
µn(α, β) : Bn −→ SLN (C), N =
(
n
2
)2
− 1,
where α and β are nonzero complex numbers. If α, β lie in some subfield F
of C, then the representations are defined over F (in fact, over Z[α±1, β±1]).
The starting point for ρn(α) is the reduced Burau representation βn :
Bn → GLn−1(Z[t, t
−1]). For each i ≥ 1, set
Ki(α) = {A ∈ SLn−1(C[t, t
−1]) : A ≡ I mod (t− α)i}.
The sequence {Ki(α)}i≥1 is a central series inK(α) = K
1(α) (i.e., Ki+j(α) ⊇
[Ki(α),Kj(α)]). Moreover, the graded quotients satisfy
Ki(α)/Ki+1(α) ∼= sln−1(C).
The conjugation action of GLn−1(C[t, t
−1]) on K(α) induces a homomor-
phism
fn(α) : GLn−1(C[t, t
−1]) −→ Aut(K(α)/K2(α)) ∼= GLn(n−2)(C)
(note that sln−1(C) is a vector space of dimension (n− 1)
2 − 1 = n(n− 2)).
We define
ρn(α) = fn(α) ◦ βn.
The kernel of ρn(1) is easily described: it is the subgroup Pn of pure
braids. The map ρn(1) is thus a representation of the symmetric group Σn.
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Theorem 2.2. Suppose n ≥ 4. Denote by V the standard (n−1)-dimensional
representation of Σn and by W the representation corresponding to the par-
tition n− 2, 2. Then
ρn(1) ∼= V ⊕
∧2
V ⊕W.
Also, ρ3(1) ∼= V ⊕
∧2 V .
When α 6= 1, however, the image of ρn(α) is infinite. Denote by Γn(n−2)(α)
the subgroup of SLn(n−2)(Z[α
±1]) consisting of matrices congruent to the
identity modulo (α− 1). Then we have the following result.
Proposition 2.1. The image of Pn under ρn(α) lies in Γn(n−2)(α).
For the representations µn(α, β), we begin with the Lawrence–Krammer–
Bigelow representation
κn : Bn −→ GL(n2)
(Z[t±1, q±1]).
For each i ≥ 1, define a subgroup Li(α, β) by
Li(α, β) = {A ∈ SL(n2)
(C[t±1, q±1]) : A ≡ I mod (t− α, q − β)i}.
The first graded quotient satisfies
L(α, β)/L2(α, β) ∼= sl(n2)
(C)× sl(n2)
(C).
The conjugation action of GL(n2)
(C[t±1, q±1]) on L(α, β)/L2(α, β) is diago-
nal; that is, if (v,w) ∈ L(α, β)/L2(α, β) then a matrix A acts as
A : (v,w) 7→ (AvA−1, AwA−1).
Let N =
(
n
2
)2
− 1 and let gn(α, β) be the homomorphism
gn(α, β) : GL(n2)
(C[t±1, q±1]) −→ GLN (C)
obtained by restricting the conjugation action to the first factor of sl(n2)
(C).
Define µn(α, β) to be the composite
µn(α, β) = gn(α, β) ◦ κn.
The maps µn(α, β) are more complicated than the ρn(α) mostly because
the Burau matrices βn(σi) of the braid generators are block diagonal, while
the matrices κn(σi) are not. We content ourselves to analyze a few spe-
cial cases. For example, the kernel of µn(1, 1) is Pn and so µn(1, 1) is a
representation of Σn. We give the decomposition of µn(1, 1) for n = 3, 4, 5.
In Section 4, we discuss the faithfulness of the maps ρn(α) and µn(α, β).
Of course, none of them is faithful since the center of Bn lies in the kernel of
each. Moreover, since βn is not faithful for n ≥ 5, there must be additional
elements in the kernel of ρn(α). However, the map κn is faithful for all n,
and this allows us to deduce the following result.
Theorem 4.4. If α and β are algebraically independent, then the kernel of
the representation µn(α, β) is precisely the center of Bn.
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In the particular case of B4, it is known [4] that β4 is faithful if and only
if the matrices β4(σ3σ
−1
1 ) and β4(σ2σ3σ
−1
1 σ
−1
2 ) generate a free group of rank
2. We have the following result, which motivated the study of the ρn(α) in
the first place.
Theorem 4.1. There is a positive integer M such that for any m ≥M , the
matrices β4(σ3σ
−1
1 )
m and β4(σ2σ3σ
−1
1 σ
−1
2 )
m generate a free group of rank
2.
This was proved first by S. Moran [8], who showed also that one can take
M = 3. It was our hope that passing to the map ρ4(α) would allow us to
show thatM = 1 is possible. We show in Section 4 that the method of proof
fails for M = 1, 2.
Acknowledgements. I thank Dan Cohen and Alex Suciu for inviting me to
participate in the Special Session on Arrangements in Topology and Alge-
braic Geometry at the AMS meeting in Baton Rouge, March, 2003. The
ensuing pressure to give a talk yielded these results.
2. The representations ρn(α)
Recall the reduced Burau representation βn : Bn → GLn−1(Z[t, t
−1])
defined as follows. Let σ1, σ2, . . . , σn−1 be the standard generators of Bn
and set
βn(σ1) =


−t 1 · · · 0
0 1 · · · 0
...
. . .
0 · · · 1

 , βn(σr) =


1
. . .
1 0 0
t −t 1
0 0 1
. . .
1


where the row containing t − t 1 in the matrix for σr is the rth row,
1 < r < n. The map βn is not faithful for n ≥ 5 [2]. Let α ∈ C
× and for
each i ≥ 1, define
Ki(α) = {A ∈ SLn−1(C[t, t
−1]) : A ≡ I mod (t− α)i}.
One checks easily thatK•(α) is a descending central series inK(α) = K1(α).
If A ∈ Ki(α), we may write A = I + (t− α)iY mod (t− α)i+1, where Y is
a matrix with entries in C. Since detA = 1, we have trace(Y ) = 0. Define
a map
pi : Ki(α) −→ sln−1(C)
by pi(A) = Y . This is easily seen to be a surjective homomorphism and the
kernel of pi is the subgroup Ki+1(α). Thus, pi induces an isomorphism
Ki(α)/Ki+1(α) ∼= sln−1(C).
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Now let i = 1. Consider the following matrices in K(α):
Aij = I + (t− α)eij , i 6= j, 1 ≤ i, j ≤ n− 1
Bii = I + (t− α)eii − (t− α)ei+1,i+1 − (t− α)ei,i+1 + (t− α)ei+1,i,
1 ≤ i ≤ n− 2
where eij is the matrix having 1 in the i, j position and zeros elsewhere. As
a basis of K(α)/K2(α), we choose the matrices Aij , 1 ≤ i, j ≤ n − 1 and
Aii = BiiAi,i+1A
−1
i+1,i, 1 ≤ i ≤ n− 2. Note that under the map pi : K(α)→
sln−1(C), we have
pi(Aij) = eij , and pi(Aii) = eii − ei+1,i+1.
The group GLn−1(C[t, t
−1]) acts on K(α) via conjugation and hence acts
on the quotient K(α)/K2(α). Denote by fn(α) the map
fn(α) : GLn−1(C[t, t
−1]) −→ Aut(K(α)/K2(α)) ∼= GLn(n−2)(C)
(note that dim sln−1(C) = (n− 1)
2 − 1 = n(n− 2)). Restricting this action
to the βn(σi) gives a map
ρn(α) : Bn −→ GLn(n−2)(C)
(that is, ρn(α) = fn(α)◦βn). The action of each σi on K(α)/K
2(α) is given
by the following formulæ:
σ1 : Aij 7→ Aij 3 ≤ i ≤ n− 1
2 ≤ j ≤ n− 1
Aii 7→ Aii 3 ≤ i ≤ n− 2
A1j 7→ −αA1j 3 ≤ j ≤ n− 1
A2j 7→ A1j +A2j 3 ≤ j ≤ n− 1
Ai1 7→ −
1
α
Ai1 +
1
α
Ai2 3 ≤ i ≤ n− 1
A12 7→ −αA12
A21 7→
1
α
A12 −
1
α
A21 −
1
α
A11
A11 7→ A11 − 2A12
A22 7→ A12 +A22
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and for 2 ≤ k ≤ n− 2 and i, j 6= k − 1, k, k + 1
σk : Aij 7→ Aij
Aii 7→ Aii
Ai,k−1 7→ Ai,k−1
Aik 7→ Ai,k−1 −
1
α
Aik +
1
α
Ai,k+1
Ai,k+1 7→ Ai,k+1
Ak−1,j 7→ Ak−1,j + αAkj
Akj 7→ −αAkj
Ak+1,j 7→ Akj +Ak+1,j
Ak−1,k 7→ Ak−1,k−1 +−
1
α
Ak−1,k +
1
α
Ak−1,k+1 + αAk,k−1 +Ak,k+1
Ak−1,k+1 7→ Ak−1,k+1 + αAk,k+1
Ak,k−1 7→ −αAk,k−1
Ak,k+1 7→ −αAk,k+1
Ak+1,k−1 7→ Ak,k−1 +Ak+1,k−1
Ak+1,k 7→ −
1
α
Akk +Ak,k−1 +Ak+1,k−1 +
1
α
Ak,k+1 −
1
α
Ak+1,k
Ak−2,k−2 7→ Ak−2,k−2 − αAk,k−1 (k ≥ 3)
Ak−1,k−1 7→ Ak−1,k−1 + 2αAk,k−1 +Ak,k+1
Akk 7→ Akk − αAk,k−1 − 2Ak,k+1
Ak+1,k+1 7→ Ak+1,k+1 +Ak,k+1 (k ≤ n− 3)
and finally
σn−1 : Aij 7→ Aij 1 ≤ i ≤ n− 3
1 ≤ j ≤ n− 2
Aii 7→ Aii 1 ≤ i ≤ n− 4
An−2,j 7→ An−2,j + αAn−1,j 1 ≤ j ≤ n− 3
An−1,j 7→ −αAn−1,j 1 ≤ j ≤ n− 2
Ai,n−1 7→ Ai,n−2 −
1
α
Ai,n−1 1 ≤ i ≤ n− 3
An−2,n−1 7→ −
1
α
An−2,n−1 + αAn−1,n−2 +An−2,n−2
An−3,n−3 7→ An−3,n−3 − αAn−1,n−2
An−2,n−2 7→ 2αAn−1,n−2 +An−2,n−2
Consider the particular case n = 3. We have dim ρ3(α) = 3. The 3-
dimensional representations of B3 were classified by Tuba and Wenzl [10]—
they are characterized uniquely be the eigenvalues of the matrices for σ1
and σ2. Using the basis e1 = −A12, e2 = A11, e3 = −αA21, the matrices of
ρ3(α)(σ1) and ρ3(α)(σ2) are
ρ3(α)(σ1) =

 −α 2 10 1 1
0 0 − 1
α

 , ρ3(α)(σ2) =

 −
1
α
0 0
−1 1 0
1 −2 −α

 .
These correspond to the matrices in [10] with λ1 = −α, λ2 = 1 and λ3 =
− 1
α
. We have thus found a naturally occurring one-parameter family of the
abstract representations defined in [10].
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Observe that the map ρn(α) is defined over the ring Z[α,α
−1]. Denote
by Γn(n−2)(α) the subgroup of GLn(n−2)(Z[α,α
−1]) consisting of matrices
congruent to I modulo (α− 1). Let Pn be the subgroup of pure braids.
Proposition 2.1. The image of Pn under ρn(α) lies in Γn(n−2)(α).
Proof. The group Pn is generated by the σ
2
i along with some conjugates of
these. Since the σi are all conjugate in Bn, so are the σ
2
i . Thus it suffices
to show that ρn(α)(σ
2
1) ∈ Γn(n−2)(α). But this is easy:
σ21 : Aij 7→ Aij 3 ≤ i, j ≤ n− 1
Aii 7→ Aii 3 ≤ i ≤ n− 2
A1,j 7→ (1 + 2(α − 1) + (α− 1)
2)A1,j 2 ≤ j ≤ n− 1
A2,j 7→ (1− α)A1,j +A2,j 3 ≤ j ≤ n− 1
Ai,1 7→ (1 +
1−α
α
+ 1−α
α2
)Ai,1 +
α−1
α2
Ai,2 3 ≤ i ≤ n− 1
Ai,2 7→ Ai,2 3 ≤ i ≤ n− 1
A21 7→ −
(1−α)2
α
A12 + (1 +
1−α
α
+ 1−α
α2
)A21 +
1−α
α2
A11
A11 7→ A11 − 2(1− α)A12
A22 7→ (1− α)A12 +A22

In particular, if α = 1, then Pn ⊆ kerρn(1). (This also follows from the
fact that βn(Pn) ⊂ K(1) and hence the βn(σ
2
i ) act trivially on K(1)/K
2(1).)
The reverse inclusion also holds since the action of any ρn(1)(σi) is the same
as the action of βn(σi) evaluated at t = 1, and this collection of matrices
is a faithful representation of the symmetric group Σn. For example, when
n = 3 we obtain (using the basis e1 = A12, e2 = A21, e3 = A11 −A12 +A21)
ρ3(1)(σ1) =

 −1 0 00 0 −1
0 −1 0

 ρ3(1)(σ2) =

 0 0 −10 −1 0
−1 0 0

 .
The character of this is
(1) (12) (123)
χρ3(1) 3 −1 0
If V denotes the standard 2-dimensional representation of Σ3, then χρ3(1) =
χV + χ∧2 V . Thus, ρ3(1) ∼= V ⊕
∧2 V .
For n = 4 we have
(1) (12) (123) (1234) (12)(34)
χρ4(1) 8 0 −1 0 0
Denote by W the representation corresponding to the partition 2, 2. Then
an easy check shows that χρ4 = χV + χ∧2 V + χW .
The character of ρ5(1) is
(1) (12) (123) (1234) (12345) (12)(34) (12)(345)
χρ5(1) 15 3 0 −1 0 −1 0
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Theorem 2.2. Suppose n ≥ 4. Denote by V the standard (n−1)-dimensional
representation of Σn and by W the representation corresponding to the par-
tition n− 2, 2. Then
ρn(1) ∼= V ⊕
∧2
V ⊕W.
Proof. First note that dimV = n− 1, dim
∧2 V = (n−1)(n−2)2 and dimW =
n(n−3)
2 ([5], p. 50). Thus,
(n− 1) +
(n− 1)(n − 2)
2
+
n(n− 3)
2
= n(n− 2)
so that dim ρn(1) = dim(V ⊕
∧2 V ⊕ W ). Now if Ci, i = (i1, i2, . . . , in)
denotes the conjugacy class in Σn consisting of cycles with i1 1-cycles, i2
2-cycles, etc., then
(χV + χ∧2 V + χW )(Ci) = i1(i1 − 2)
(this follows from [5], 4.15, p. 51). Direct calculation shows that
χρn(1)((12)) = (n − 2)(n − 4) = i1(i1 − 2)
χρn(1)((123)) = (n − 3)(n − 5) = i1(i1 − 2)
χρn(1)((12)(n − 1, n)) = (n − 4)(n − 6) = i1(i1 − 2),
etc. Thus, χρn(1) = χV +χ
∧2 V +χW and since V ,
∧2 V , andW are distinct
irreducible representations, the result follows. 
3. The representations µn(α, β)
Let R = Z[t±1, q±1] be the ring of Laurent polynomials in t, q and let A
be the free R-module
A =
⊕
1≤i<j≤n
Rxij.
The Lawrence–Krammer–Bigelow representation
κn : Bn −→ GL(n2)
(Z[t±1, q±1])
is defined by
κn(σk) : xk,k+1 7→ tq
2xk,k+1
xik 7→ (1− q)xik + qxi,k+1 i < k
xi,k+1 7→ xik + tq
k−i+1(q − 1)xk,k+1 i < k
xkj 7→ tq(q − 1)xk,k+1 + qxk+1,j k + 1 < j
xk+1,j 7→ xkj + (1− q)xk+1,j k + 1 < j
xij 7→ xij i < j < k or k + 1 < i < j
xij 7→ xij + tq
k−i(q − 1)2xk,k+1 i < k < k + 1 < j.
The map κn is faithful for all n [3],[7]. This is the only known faithful
representation of Bn, n ≥ 4.
For each i ≥ 1 define, for α, β ∈ C×,
Li(α, β) = {A ∈ SL(n2)
(C[t±1, q±1]) : A ≡ I mod (t− α, q − β)i}
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(here, (t−α, q−β) denotes the ideal generated by t−α and q−β). This is
a descending central series in L(α, β) = L1(α, β). The graded quotients
are more complicated here, but we are interested only in the first one:
L(α, β)/L2(α, β). If A ∈ L(α, β), write
A = I + (t− α)At + (q − β)Aq +X,
where At, Aq are
(
n
2
)
×
(
n
2
)
matrices over C and X ≡ 0 mod (t−α, q − β)2.
Again, the condition detA = 1 forces tr(At) = 0 = tr(Aq). Define a map
pi : L(α, β) −→ sl(n2)
(C)× sl(n2)
(C)
by pi(A) = (At, Aq). This is a surjective group homomorphism with kernel
L2(α, β).
If Z ∈ GL(n2)
(C[t±1, q±1]), we may write Z = Z0Z1, where Z0 ∈ GL(n2)
(C)
and Z1 ∈ L(α, β). Then Z1 acts trivially on L(α, β)/L
2(α, β) and so Z acts
on L(α, β)/L2(α, β) by
Z : (At, Aq) 7→ (Z0AtZ
−1
0 , Z0AqZ
−1
0 );
that is, the action is diagonal. Consider the action on the first factor (call
it L):
gn(α, β) : GL(n2)
(C[t±1, q±1]) −→ Aut(L) ∼= GLN (C)
where N =
(
n
2
)2
− 1. Restricting this to the image of Bn under κn yields a
map
µn(α, β) : Bn −→ GLN (C)
(i.e., µn(α, β) = gn(α, β) ◦ κn).
We shall not write down a formula for the µn(α, β) in general. Indeed,
the following formula for µ3(α, β) shows that the general case is hopelessly
complicated. Using the basis described in (1) and (2) below, the matrix of
µ3(α, β)(σ1) is


αβ(β − 1) αβ2 −α
β
(β − 1)3 αβ(β − 1) 0 0 −2α(β − 1)2 α(β − 1)2
αβ 0 −α
β
(β − 1)2 0 0 0 −2α(β − 1) α(β − 1)
0 0 0 0 α
β2
0 0 0
0 0 0 0 −
(β−1)
β
1
β
0 0
0 0 1
αβ
0 − β−1
αβ2
0 0 0
0 0 −
(β−1)2
β
β
(β−1)3
β2
−
(β−1)2
β
1 − β 2(β − 1)
0 0 1 − 1
β
0 0 0 1 0
0 0 1 − 1
β
0 −
(β−1)2
β2
1 − 1
β
1 −1


and that of µ3(α, β)(σ2) is


−
(β−1)2
β
(β−1)3
β
1
β
−
(β−1)2
β
0 0
−2(β−1)
β
β−1
β
0 − β−1
αβ2
0 1
αβ2
0 0 0 0
β −β(β − 1) 0 0 0 0 0 0
0 1
αβ
0 0 0 0 0 0
0 0 0 −αβ2(β − 1)2 0 αβ2 −αβ2(β − 1) 2αβ2(β − 1)
0 0 αβ(β − 1) −αβ(β − 1)3 αβ αβ(β − 1) −αβ(β − 1)2 2αβ(β − 1)2
1 − β (β − 1)2 0 1 − β 0 0 −1 1
0 0 0 1 − β 0 0 0 1


.
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Note however that µn(α, β) is defined over Z[α
±1, β±1] and we have the
following result. Denote by ΓN (α, β) the subgroup of GLN (Z[α
±1, β±1])
consisting of those matrices that are congruent to I modulo (α− 1, β − 1).
Proposition 3.1. The image of Pn under µn(α, β) lies in ΓN (α, β).
Proof. It suffices to check this for the µn(α, β)(σ
2
k). First note the following
formula for κn(σ
2
k):
xk,k+1 7→ t
2q4xk,k+1
xik 7→ (1 + (q − 1) + (q − 1)
2)xik + (1− q)qxi,k+1 + tq
k−i+1(q − 1)xk,k+1
xi,k+1 7→ (1− q)xik + (1 + (q − 1))xi,k+1 + t
2qk−i+3(q − 1)xk,k+1
xkj 7→ t
2q3(q − 1)xk,k+1 + (1 + (q − 1))xkj + q(1− q)xk+1,j
xk+1,j 7→ tq(q − 1)xk,k+1 + (1 + (q − 1) + (q − 1)
2)xk+1,j + (1− q)xkj
xij 7→ xij + tq
k−i(q − 1)2(1 + tq2)xk,k+1
where the ranges on i, j are (i < k), (i < k), (k + 1 < j), (k + 1 < j),
(i < j < k or k + 1 < i < j), and (i < k < k + 1 < j), respectively. Note
that t2q4 ≡ 1+2(t−1)+4(q−1) mod (t−1, q−1)2. Thus, after evaluating
κn(σ
2
k) at t = α, q = β, we may write
κn(σ
2
k) = XkYk,
where Xk ∈ L(α, β) and Yk ≡ I mod (α − 1, β − 1). The action of κn(σ
2
k)
on L is via conjugation by Yk. Write
Yk = I + (α− 1)Yα + (β − 1)Yβ + Z
where Z ≡ 0 mod (α − 1, β − 1)2. Then if A = I + (t− α)At +X (X ≡ 0
mod (t− α, q − β)2), we have
YkAY
−1
k = (1 + (α− 1)Yα + (β − 1)Yβ + Z)(I + (t− α)At +X)(I − (α− 1)Yα − (β − 1)Yβ + U)
≡ I + (t− α)At + (α− 1)(t− α)[Yα, At] + (β − 1)(t− α)[Yβ , At] mod (t− α, q − β)
2
≡ A mod (α− 1, β − 1).
Thus, κn(σ
2
k) acts as the identity on L modulo (α − 1, β − 1); that is,
µn(α, β)(σ
2
k) ∈ ΓN (α, β). 
Corollary 3.2. The kernel of µn(1, 1) is the subgroup Pn and so µn(1, 1) is
a representation of Σn. 
As a basis of L we take the matrices
(1) Aij = I + (t− α)eij 1 ≤ i, j ≤
(
n
2
)
, i 6= j,
and
(2) Aii ≡ I + (t− α)eii − (t− α)ei+1,i+1 1 ≤ i ≤
(
n
2
)
− 1,
ordered as A12, A13, . . . , A1,n, A21, . . . , An,n−1, A11, A22, . . . . It is possible to
give a simple formula for µn(1, 1). Note that upon evaluating κn(σk) at
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t = 1, q = 1, one obtains the permutation matrix
τk : xk,k+1 7→ xk,k+1
xik 7→ xi,k+1 i < k
xi,k+1 7→ xik i < k
xkj 7→ xk+1,j k + 1 < j
xk+1,j 7→ xkj k + 1 < j
xij 7→ xij i < j < k, k + 1 < i < j, i < k < k + 1 < j.
Order the basis of A =
⊕
1≤i<j≤n
Rxij as
e1 = x12, e2 = x13, . . . , en−1 = x1,n, en = x23, . . . , e(n2)
= xn−1,n
and consider τk as a permutation of the set {1, 2, . . . ,
(
n
2
)
}. The action of
µn(1, 1) may then be described as
µn(1, 1)(σk) :


Aij 7→ Aτk(i),τk(j) i 6= j
Aii 7→


τk(i+1)−1∑
ℓ=τk(i)
Aℓℓ τk(i) < τk(i+ 1)
−
τk(i)−1∑
ℓ=τk(i+1)
Aℓℓ τk(i+ 1) < τk(i).
The characters of µn(1, 1) for n = 3, 4, 5 are as follows:
(1) (12) (123)
χµ3(1,1) 8 0 −1
(1) (12) (123) (1234) (12)(34)
χµ4(1,1) 35 3 −1 3 −1
(1) (12) (123) (1234) (12345) (12)(34) (12)(345)
χµ5(1,1) 99 15 0 −1 −1 3 0
A straightforward calculation then shows the following.
µ3(1, 1) ∼= (alt)⊕ (triv)⊕ V
⊕3
µ4(1, 1) ∼= (alt)⊕ (triv)
⊕2 ⊕ (
∧2
V )⊕3 ⊕W⊕4 ⊕ V ⊕5
µ5(1, 1) ∼= (V ⊗ (alt))⊕ (triv)
⊕2 ⊕ (W ⊗ (alt))⊕3 ⊕ (
∧2
V )⊕4 ⊕W⊕6 ⊕ V ⊕6
(recall that V is the standard (n− 1)-dimensional representation and W is
the representation corresponding to the partition n− 2, 2).
Note that the Aii, 1 ≤ i ≤
(
n
2
)
− 1 form a Σn-submodule of L.
Proposition 3.3. The submodule U spanned by the Aii, 1 ≤ i ≤
(
n
2
)
− 1, is
isomorphic to V ⊕W .
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Proof. Recall thatW corresponds to the partition n−2, 2; we have dimW =
n(n− 3)
2
. Then
dimV + dimW = (n− 1) +
n(n− 3)
2
=
n2 − n− 2
2
=
(
n
2
)
− 1
= dimU.
Note that τ1 = (2, n)(3, n + 1) · · · (n− 1, 2n − 3) and so
χU (12) = tr(τ1) =
(n2)−1∑
j=2n−3
1
=
((
n
2
)
− 1
)
− (2n − 3) + 1
= (n− 3) +
1
2
(n− 3)(n − 4)
= (χV + χW )(12).
The values of χU for other conjugacy classes are obtained similarly. 
4. Faithfulness
It is clear that none of the representations ρn(α), µn(α, β) is faithful.
Indeed, the center of Bn lies in the kernel of each ρn(α) and µn(α, β).
Is there more in the kernel? The answer is certainly yes for ρn(α), n ≥ 5
since βn is not faithful.
4.1. Associated graded algebras. One approach is to study the map on
associated graded algebras. Let α = −1. Then the image of Pn under
ρn(−1) lies in the subgroup
Γn(n−2)(−1) = {A ∈ SLn(n−2)(Z) : A ≡ I mod 2}.
The lower central series of Γn(n−2)(−1) is well-understood via the work of
Bass–Milnor–Serre [1]; the ith term of the lower central series is
Γin(n−2)(−1) = {A ∈ Γn(n−2)(−1) : A ≡ I mod 2
i}
and the graded quotients satisfy
Γi/Γi+1 ∼= sln(n−2)(F2).
The structure of Gr•Pn is known thanks to the work of Kohno [6]. Each
graded quotient ΓiPn/Γ
i+1Pn is free abelian with rank ϕi(n) given by the
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formula
∞∏
i=1
(1− ti)ϕi(n) =
n−1∏
j=1
(1− jt).
Consider the map of associated graded algebras
Gr•ρn(−1) : Gr
•Pn −→ Gr
•Γn(n−2)(−1).
Let us examine first the case n = 3. Here, using the basis e1 = −A12,
e2 = A11 and e3 = A21, we have
ρ3(−1)(σ1) =

 1 2 10 1 1
0 0 1

 ρ3(−1)(σ2) =

 1 0 0−1 1 0
1 −2 1

 .
Denote the generators of P3 by
B12 = σ
2
1 , B13 = σ2σ
2
1σ
−1
2 , B23 = σ
2
2.
Then the map
Gr1ρ3(−1) : H1(P3;Z) −→ H1(Γ3(−1);Z)
is the map Z{B12, B13, B23} → sl3(F2)
B12 7→ e23
B13 7→ e21 + e23
B23 7→ e21.
Note that in sl3(F2), [e21, e23] = 0 and so the image of Gr
•ρ3(−1) is simply
the submodule of Gr•Γ3(−1) spanned by e12, e23 ∈ Gr
1Γ3(−1); that is
Griρ3(−1) : Γ
iPn/Γ
i+1Pn −→ Γ
i
3(−1)/Γ
i+1
3 (−1)
is the zero map for i ≥ 2. In particular, this tells us that if x ∈ ΓiP3, i ≥ 2,
then ρ3(−1)(x) is congruent to the identity matrix modulo 2
i+1 instead of
2i.
By contrast, for n ≥ 4 the map Gr•Pn → Gr
•Γn(n−2)(−1) is highly non-
trivial. Moreover, for i large, the map
(ΓiPn/Γ
i+1Pn)⊗ F2 −→ Γ
i
n(n−2)(−1)/Γ
i+1
n(n−2)(−1)
cannot be injective (the rank of the domain is greater than (n(n − 2))2 − 1
for i large). This gives a method for searching for elements in the kernel of
βn—find an element in the kernel of Gr
iρn(−1), lift it to Pn, and compute
its Burau matrix. Of course, this is terribly inefficient.
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4.2. The case of B4. Let us examine the maps ρ4(α) in greater detail.
According to Theorem 3.19 of [4], β4 is faithful if and only if the matrices
x = β4(σ3σ
−1
1 ) and y = β4(σ2σ3σ
−1
1 σ
−1
2 )
generate a rank 2 free subgroup of GL3(Z[t, t
−1]). In turn, this will hold if
and only if the matrices
X(α) = ρ4(α)(σ3σ
−1
1 ) and Y (α) = ρ4(α)(σ2σ3σ
−1
1 σ
−1
2 )
(α 6= 1) generate a rank 2 free subgroup of SL8(C). We do not have a proof
of this, but we do have the following.
Theorem 4.1. There is a positive integer M such that for all m ≥M , the
group generated by X(α)m and Y (α)m is free of rank 2.
Proof. We use Proposition 3.12 of [9]. We first establish notation. If g ∈
GL(V ), where V is a complex vector space, write its characteristic poly-
nomial as
∏n
i=1(t − αi) and let Ω = {αi : αi = maxj{||αj ||}}. Define
polynomials f1(t) and f2(t) by
f1(t) =
∏
α∈Ω
(t− α) and f2(t) =
∏
α6∈Ω
(t− α).
Let A(g) be the subspace of PV (the projective space associated to V ) cor-
responding to the kernel of f1(g) and let A
′(g) be that corresponding to the
kernel of f2(g).
To prove the theorem, we need only show
A(X(α)), A(X(α)−1), A(Y (α)), A(Y (α)−1) are points(3)
A(X(α)) ∪A(X(α)−1) ⊂ PV −A
′(Y (α))−A′(Y (α)−1)(4)
A(Y (α)) ∪A(Y (α)−1) ⊂ PV −A
′(X(α)) −A′(X(α)−1).(5)
The characteristic polynomial of each of X(α), X(α)−1, Y (α), Y (α)−1 is
f(t) = (t− 1)2(t− 1/α2)(t− α2)(t+ α)2(t+ 1/α)2.
Assume that ||α|| > 1. Then f1(t) = t−α
2 and f2(t) = f(t)/f1(t). An easy
calculation shows the following.
(1) A(X(α)) ↔ span{−(α+ 1)A31 +A32}
(2) A(X(α)−1)↔ span{A12 −
1+α
α
A13}
(3) A(Y (α))↔ span{−α2A21 +A23 − α
2A31 −A32 −A22}
(4) A(Y (α)−1)↔ span{− 1
α
A12 −A13 + αA21 − αA23 +A11}
(5) A′(X(α))↔ span{A23, A32, A22, A12, A13, A11,
α+1
α
A21 +A31}
(6) A′(X(α)−1)↔ span{A32, A22, A12, A11, A31, A21, A13 + (α+ 1)A23}
(7) A′(Y (α))↔ span{−A31+A22, A23, 2A31+A11, A12+αA31, A13, A21−
1
α
A31,−αA31 +A32}
(8) A′(Y (α)−1)↔ span{A21, A12−α
2A23,−2A23+A22, A23+A32, A31, A13−
α2A23, A23 +A11}.
It is easy to check that conditions (4) and (5) hold. 
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Remark 4.2. That the matrices β4(σ3σ
−1
1 )
m and β4(σ2σ3σ
−1
1 σ
−1
2 )
m generate
a free group was proved by S. Moran [8] using the same technique over the
field C(t). It was our hope that passing to the matrices X(α), Y (α) would
allow us to take M = 1. This is not the case however. Indeed, denote by v1
the basis vector of A(X(α)) and by v2 the basis vector of A(Y (α)). Then it
is easy to see that
||Y v1 − v2|| ≥ 1 and ||Y
2v1 − v2|| ≥ 1
so that no neighborhood of A(X(α)) in PV can be taken into a small neigh-
borhood of A(Y (α)). Proposition 1.1 of [9] therefore does not apply to
〈X(α), Y (α)〉.
4.3. Faithfulness of µn(α, β). The map κn : Bn → GL(n2)
(Z[t±1, q±1]) is
faithful for all n. In particular, if α and β are algebraically independent
complex numbers, then the map induced by the homomorphism t 7→ α,
q 7→ β yields a faithful representation
Bn −→ GL(n2)
(Z[α±1, β±1]).
Thus, Bn ∩ L(α, β) = {I} in this case.
Recall that µn(α, β) is the composition of κn with the map
gn(α, β) : GL(n2)
(Z[t±1, q±1]) −→ Aut(L).
We note the following.
Lemma 4.3. Denote by Z the center of GL(n2)
(Z[t±1, q±1]). Then the kernel
of gn(α, β) is the subgroup Z · L(α, β).
Proof. It is clear that the kernel contains Z · L(α, β). For the reverse inclu-
sion, note that any X ∈ GL(n2)
(Z[t±1, q±1]) can be written as X = X0X1
where X0 ∈ GL(n2)
(C) and X1 ∈ L(α, β). The action of X on L is then
given by conjugation by X0. By considering the action on the basis of L, if
X0 acts trivially, we see that X0 must be a diagonal matrix with all entries
equal; that is, X0 ∈ Z. 
As κn is faithful, we may identify Bn with its image in GL(n2)
(Z[t±1, q±1]).
Then if α and β are algebraically independent, we see that the kernel of
µn(α, β) is Bn ∩ Z. We have thus proved the following result.
Theorem 4.4. If α and β are algebraically independent, then the kernel of
µn(α, β) is precisely the center of Bn. 
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